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Abstract. It is shown that a Brans-Dicke scalar-tensor gravitational theory, which 
also includes Bekenstein's kind of interaction between the Maxwell and scalar fields, has 
a particular kind of solutions with highly enhanced gravitational effects as compared 
with General Relativity, prone to laboratory tests. 
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1. Introduction 

Scalar-tensor (ST) gravitational theories are attractive candidates for extensions of 
General Relativity (GR). Part of their appeal comes from the fact that they are induced 
naturally in the reduction to four dimensions of string and Kaluza-Klein models pQ, 
resulting mostly in the form of a Brans-Dicke (BD) type of ST theory [2], often involving 
also non-minimal coupling to matter, leading to weak equivalence principle violations. 
Also, ST theories are possibly the simplest extension of GR that could accommodate 
cosmological issues as inflation and universe-expansion acceleration, as well as possible 
space-time variation of fundamental constants j3]. On the other hand, observational and 
experimental evidence puts strong limits to the observable effects of a possible scalar 
field. For example, in the case of a massless scalar the BD parameter u is constrained 
by careful Solar-System experiments to be a large number (u > 5 x 10 5 )[1]. This has not 
been favorable for the ST theories, although it was found that some Kaluza-Klein models 
allow ST theories with arbitrarily high values of uj [5], and a "least-coupling principle" 
was proposed in string theories to the same effect [6]. Closely related to the ST theories 
is the question of the space-time variation of fundamental constants. The proposal of 
models compatible with all known constraints are basically of the Bekenstein's type [3], 
involving the coupling of the electromagnetic field to a scalar field [T] , [S] . The resulting 
violations of the equivalence principle are still below the actual experimental limits, 
either in the propagation of light [9], or in E otvos experiments. The purpose of the 
present work is to show that a ST theory of the BD type, that also includes a direct 
interaction between the Maxwell and the scalar fields, as in Bekenstein's theory, has a 
special kind of solutions where the metric effect of the electromagnetic field is strongly 
enhanced, as compared to the case of GR. This enhanced effect could be observed with 
relative ease in laboratory experiments with present technology. 

2. ST theory 

We will consider a ST theory of the BD type with inclusion of a Bekenstein's direct 
interaction of scalar and Maxwell fields, with action given by (SI units are used) 

S = T^C~n~ I V^^n - -J— ( ^^Mv^v^fi 

107rGo J lo7rGo J (p 

- X / ^ A M F imF lm dn --J V^j l Adn - s mat . (i) 

In order to have a non-dimensional scalar field <fi of values around unity, in expression 
([T]) the constant Go representing Newton gravitational constant is included, c is the 
velocity of light in vacuum, and e is the vacuum permittivity. S mat is the non- 
electromagnetic action of matter. The other symbols are also conventional, R is 
the Ricci scalar, and g the determinant of the metric tensor g\ m . The Brans-Dicke 
parameters u (0) is considered a function of 0, as it usually results so in the reduction 
to four dimensions of multidimensional theories. The function A (0) in the term of the 
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action of the electromagnetic field is of the type appearing in Bekenstein's theory. The 
electromagnetic tensor is F im = V;A m — V m A h given in terms of the electromagnetic 
quadri- vector A m , with sources given by the quadri-current j l . 

Variation of ^ with respect to g lm results in (T^ M is the usual electromagnetic 
energy tensor) 

Rim ~ iRgim) = ^ [A (0) + TZ at ] - ^VkHlm + V, V m 



2 u J C 



+ (V,0V w - -V k V k (j)g lm j . (2) 
Variation with respect to gives 

which can be rewritten, using the contraction of (j2J) with g lm to replace R, as 



(2u + 3) W,0 + ^VVV,0 = ^^^^ + *-^T™\ (3, 



where it was used that T EM = T^ M g lm = 0. 

Finally, the non-homogeneous Maxwell equations are obtained by varying ([1]) with 
respect to A m , 

V t [A (0) F lm ] = m m - (4) 

with hq the vacuum permeability. 

Having included Go, it is understood that takes values around 0o = 1- Eqs. (j2J)- 
(j4j) with A (0) = 1 represent the original Brans-Dicke system if u is taken as constant. 



3. Special solutions 



A rapid inspection of Eqs. (T5]) and ([3]) shows that corrections to the metric 
generated by T z ™ a * alone are in general quantified by 5R ~ Go£oFi m F lm /c 2 , as in 
GR. However, for those solutions satisfying V'V;0 = 0, one has instead 5R ~ 
^jG EoFi m F lm (d\/d(p) I (c 2 duj/d(f))/L, with L a characteristic length-scale of variation 
of the fields. In this way, depending on how precisely the condition V'V;0 = holds, 
and on the possible value of (d\/d<p) / (du/d<f)), the system of equations considered 
allows solutions with enhanced gravitational effects. We now analyze some cases where 
this kind of possible solutions of the system ©-(jl]) exist, in the weak field limit of the 
equations. 

In the weak field approximation, for variations of g\ m around the values rjim taken 
as those of flat Minkowsky space with signature (1,-1,-1,-1), so that gi m = rji m + h lm , 
and of around 0o = 1, so that = 1 + a, we have 

Rim — -^RVlm = - {^rf k dikhi m + duh m + <9j m /i; — T]i m dikh ) , 
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with 



where 



him — him c^hfjim^ 



h = rj ik h ik = -rf k hi 



''ik ■ 

The system (I2])-(J4]) can be written to lowest order in the perturbations satisfying 
V'V«0 = (which should hold at least up to order two in the perturbed fields), 

- rj lk d ik hi m + d u Ti m + d im h\ ~ VimdiJi k = 2di m a, (5) 



duj 



a 47rG £o d\ 

a adio = 



4>o 

lm 



C 2 



Fi m F lm } (6) 

4>o 



8 m F lm = m m . (7) 
While the equation V z V;0 = is written up to second order as 

d ik a [rj lk +V k + ^ + d k a (dtf k + V * k d t h) = 0. (8) 

The raising and lowering of indices are effected by the tensors r) %k and r\i k respectively. 
Even this much simpler system is rather complex. From a practical point of view 
it is convenient to restrict the choice of coordinates by requiring the additional four 
conditions on hi m 

d l h lk + V *%h = -^f^d k a, (9) 
d l adi<j 

so that Eq. (JSj) reduces to 

V lk d ik a = 0. (10) 

The equations ©-((7]), together with ([9]) and (HO]), constitute an ovedetermined set 
of equations which has solutions only for particular cases. As it stands, the system can 
be solved independently for the electromagnetic field given the sources j m in ( EJ), and 
then determine using ([6]) and ( TTUj) . to finally obtain hi m from Eqs. ([5]) and ( |9]). 

In terms of the modulus of the electric and magnetic vector fields, E and B, 
respectively, one has 

F lm F lm = 2(B 2 - E 2 /c 2 ' 

so it is immediately seen from Eq. that a possible solution exists in the case of 
static fields outside their sources. In effect, consider for instance the case of a pure 
electrostatic field, so that, using greek indices for the three spatial coordinates, one has 
for the electrostatic potential ip, 

E a = -d a (p, 

with 

d aa ip = 0, 
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outside the electric sources. In this static case Eq. flS]) is written as 



ttGoEq (dX/du 



d a ad a a = - \ '-^-d a ipd a ip 



c 4 



where we have written (dX/du)^ = (dX/dcj))^ / (du/dcf))^. In this way, solutions also 
satisfying Eq. (TTOT) then exist if (dX/du)^ > 0, given by 



d a a = ±K]l - -d a p, (11) 

where 

_ yWVo (dX/dw)^ o 
K= . (12) 

If (dX/du)^ < one has solutions instead only for a magnetostatic field outside its 
sources, so that B a = d a ip, with d aa ip = 0, given by 

d Q a = ±cKd a ip. 

For clarity sake we can assume that (dX/cLu)^ > 0, as all derivations are totally 
analogous in the case (dX/dcu)^ < 0, with op taking the place of ip. 

Gravity effects can be quantified in the weak field approximation as a three- 
dimensional force per unit mass, given in the static case considered by 

c 2 c 2 /- \ 

fp = -y<9/^oo = - —dp [hoo + h aa ) . (13) 

From Eqs. ((5]) and ([9]) we can write the equations for /i o and h a p as 

<9 77 ^oo = H, (14) 
d*yyh a p = 2d a p(j + da-yhp^ + dp^h ai — S a pH, (15) 

where 5 a p is Kroenecker delta, and 



In particular, one has d^h aa = —H, which indicates that the effective potential 
c 2 (^oo + h aa ^j /4 is harmonic. An estimation of the expected force for a solution of 
the type ([II]) is 



\fp\ ~ ^8nG e (dX/du^E. (17) 

Another simple case where the particular solutions considered can exist is for 
propagating electromagnetic fields in vacuum, not dependent on a Cartesian coordinate, 
which we denote as z. In effect, solenoidal electric and magnetic fields can be represented 
in that case as (e z is the unit vector along the z direction) 

E (x, y, t) = V$ x e z , B (x, y,t) = V (x, y, t) e z , 

while Faraday and Ampere-Maxwell equations require that 

*(x,y,t) = ^d $, v ik d ik $ = 0. 
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is written as 



^<T$<9/$, 

c 4 



In this way, Eq. 

d l adi<j 

with the possible solutions, satisfying (TTDjl . 

d t a = ±K0^. (18) 

Again, for (dX/dcu)^ < solutions exist with the role of electric and magnetic fields 
interchanged. 

The specific, non-electromagnetic force on a stationary object is given in this case 

by 

,,2 



c 

7 



d/3 (hoo 



haa) + C 8 h 



(19) 



A direct operation with Eq. fl5]) allows to write 



00 



dph + d g a I 1 



■3( 



d l adi 



■lm v 



a 



from which, using f JT8|) . a simple estimation gives a result similar in form to (fTT|) . 

Finally, we consider a case analogous to the previous one, where now the free 
electromagnetic field has rotational symmetry around the z direction. Using spherical 
coordinates in three-dimensional space we can write in this case, for the solenoidal 
electric and magnetic fields (e^ is the unit vector in the local azimuthal direction) 

E (r, 6, t) = -^-:V$ x e v , B (r, 6,t)=* (r, 6, t) e v , 
r sin 6 

and now the Faraday and Ampere-Maxwell equations require that 

1 



d 00 <S> 



r<9 $, 



cr sin 6 

<9 2 $ sin^ 
+ 



1 0& 



(20) 



Or 2 r 2 06 \sin 6 06 

It is important to note that <3? does not satisfy a D'Alembert equation like the one to 
be satisfied by a (Eq.flTDP). 
Eq. ([6]) is now written as 

|2 8vrG £:o {dX/du)^ 



(21) 



c 4 r 2 sin 2 6 

Special solutions of the kind considered can be obtained noting that Eq. ( [21]) is satisfied 
if the following equations hold 

7^ 



nO a — Vcr 
richer + V(T 



r sin 6 
K 

7r sin 6 



(m<9 $ - V$) , 
(m<9 $ + V<£>) 
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where 7 is an arbitrary function of (r, 9, t), and n and m are two arbitrary unit vectors. 
Solving these equations for d a and Va one hass 

d a = — ^— [(l + 7 2 ) m ■ nd $ + (l - 7 2 ) n - Vd>] , (22) 



2jr sin # 

V(7 



1 - 7 2 ) m<9 $ + (l + 7 2 ) V$] . (23) 



2 7 r sin # 
One can now write Eq. (jTOj) as 

«9 (<V) = V ■ (Vcr) , (24) 

where d a and Vex are replaced by their expressions (I2"2"j) and (J23J) • In this way, solved 
Eq. ( [20]) for and given arbitrary expressions for the unit vectors n and m, Eq. (1241) 
turns out to be an equation for the function 7, that once solved allows to obtain the 
function a using ( 122]) and ( 123]) . The arbitrariness of the units vectors employed only 
means that the system of equations considered admits a large class of solutions. The 
actual solution in a real situation must correspond to unit vectors determined by the 
solution itself. Considering that the physical problem is determined by the scalar $ one 
could take 



n = m 



|V$| 



3.1. Conclusions 



It was shown that a Brans-Dicke type of theory, with interaction of Bekenstein's type 
between the Maxwell and the scalar fields, admits a special kind of solutions in which the 
metric effect of the electromagnetic field is much larger than in general relativity. This 
kind of solution arises for particular electromagnetic field distributions, most notably 
in all static cases, and also for propagating fields with Cartesian or axial symmetry, in 
the regions outside the electromagnetic sources. Of course, even if the theory is realist, 
the actual realization of this kind of solutions depends on he possibility of satisfying 
the necessary boundary conditions between the regions outside and inside the sources. 
As the theory is considered as an effective one, and at the classical level, it is not 
easy to ascertain the correct boundary conditions with real, microscopic sources. A 
related point to be noted is that, from Eq. ([5]), the "forcing" of the metric depends on 
the second derivative of a or, through (TTTi) . on the second derivative of the electrostatic 
potential. This means that in the case of a homogeneous electric field, the actual solution 
is determined solely by the boundary conditions. It is thus expected that inhomogenous 
fields are preferred in order to seek solutions of the type considered. 

As for the magnitude of the expected forces, from expression (ITTl ) one can estimate 



that for a field of about 10 kV/m and ^(dX/dui)^ ~ 1 the corresponding specific 
force is about 1 fiN/Kg. Although small and difficult to be separated from the forces 
of electric origin that necessarily should appear in an experiment, such non-electrical 
forces can be measured with present technology, as is well documented in[10], [TT]. It is 
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also remarkable that forces of the type and magnitude just discussed have been reported 
in inhomogeneous electrostatic fields [T2]. 

With the above considerations it is concluded that experiments of relative simplicity 
are possible to test the possibility of scalar-tensor theories with Maxwell- scalar fields 
interaction. 
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